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Quantum theory, like other physical theories, has two aspects: the mathematical and the 
conceptual. In the former aspect, it is a consistent and elegant theory and has been enormously 
successful in explaining and predicting a large number of atomic and subatomic phenomena. But 
in the latter aspect, which “inquires into the objective world hidden behind the subjective world 
of sense perceptions”1, it has been a subject of endless discussions without agreed conclusions2, 
provoking one to remark that quantum theory appears to be “so contrary to intuition that the 
experts themselves still do not agree what to make of it”3. In the following section, we give a 
brief account of the genesis of this conceptual problem, which has defied a satisfactory solution 
(in the sense of being acceptable to all) in spite of the best efforts of the men who have built one 
of the most magnificent edifices of human thought. Section 1.2 presents a preview of the salient 
features of the mathematical aspect of the theory.

1.1 THE CONCEPTUAL ASPECT

In order to understand the root cause of the conceptual problem in quantum mechanics, we 
have to go back to the formative years of the theory. Quantum theory originated at a time 
when it appeared that classical physics had at last succeeded in neatly categorising all physical 
entities into two groups: matter and radiation (or field). Matter was supposed to be composed of 
‘particles’ obeying the laws of Newtonian (classical) mechanics. After the initial controversy as 
to whether radiation consists of ‘corpuscles’ or ‘waves’, Fresnel’s work4 on the phenomenon of 
diffraction seemed finally to settle the question in favour of the latter. Maxwell’s electromagnetic 
theory provided radiation with a theory as elegant as the Lagrangian–Hamiltonian formulation 
of Newtonian mechanics.

Particles and Waves in Classical Physics

Now, a particle, according to classical physics, has the following characteristics:
 P1. Besides having certain invariant attributes such as rest mass, electric charge etc., it 
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5. In the following, we will suppress the subscripts w and k, so that yw, k(r, t) is written as y(r, t).
6. Classical wave theory also allows for the superposition of wave motions differing in frequencies (and, thus, in 

the case of a dispersive medium, in phase velocities). Such a superposition leads to a wave packet which, unlike 
monochromatic wave motions, shares the particle’s property (P1) of being limited in extension (see Appendix C).

7. The experimental discovery of electron diffraction was preceded by theoretical speculation by Louis de Bröglie 
(1923) that matter-particles are associated with waves whose wavelength l is related to the particle-momentum p 
by l = h/p, where h is the universal constant introduced earlier by Max Planck (1900).

8. It was in explaining the photoelectric effect (discovered by Heinrich Hertz in 1887) that Albert Einstein (1905) 
reintroduced the concept of light corpuscles, originally due to Isaac Newton, in the form of light quanta which were 
later named photons by G.N. Lewis (1926). Prior to this, Max Planck (1900) had introduced the idea that exchange of 
energy between matter and radiation could take place only in units of hn, n being the frequency of the radiation.

occupies a finite extension of space which cannot, at the same time, be occupied by 
another particle.

 P2. It can transfer all, or part, of its momentum and (kinetic) energy ‘instantaneously’ to 
another particle in a collision.

 P3. It has a path, or orbit, characterised by certain constants of motion such as energy 
and angular momentum, and determined by the principle of least action (Hamilton’s 
principle).

 On the other hand, a monochromatic harmonic wave motion is characterised by the 
following:
 W1. A frequency n and a wavelength l, related to each other by
   nl = (w/k) = v, ...(1.1)
  where, v is the phase velocity of the wave motion.
 W2. A real (that is, not complex) function
  yw, k(r, t) = f(k · r – wt), referred to as the wave amplitude or wave function, that satisfies 

the classical wave equation,

   
t2

2

2

2 f  = v2∇2f. ...(1.2)

 From the linearity (for a given w) of Eqn. (1.2) follows a very important property of wave 
motions5: If y1, y2, ... represent probable wave motions, then a linear superposition of these also 
represents a probable wave motion. Conversely, any wave motion could be looked upon as a 
superposition of two or more other wave motions. Mathematically,
  Y(r, t) = Siciyi(r, t), ...(1.3)
where the ci’s are (real) constants. Eqn. (1.3) embodies the principle of superposition, expressed in 
the preceding statements. It is the basis of the phenomenon of interference, believed in classical 
physics to be an exclusive characteristic of wave motions6.
 Now, experimental and theoretical developments in the domain of microparticles during 
the early part of this century were such as to render the above concepts of particles and waves 
untenable. For one thing, it was found, as in the case of electron diffraction (Davisson and Germer 
1927)7, that the principle of superposition plays an important role in the motion of particles also. 
For another, radiation was found to share property P2 listed above as a characteristic of particles 
(Photoelectric and Compton Effects)8. It was, thus, clear that the classical concepts of particles and 
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waves needed modification. It is the extent and the nature of these modifications that became a 
subject of controversy.

The Two Interpretations

There have been two basically different schools of thought in this connection. One, led by 
Albert Einstein and usually referred to as the Statistical (or Ensemble) Interpretation of quantum 
mechanics9, maintains that quantum theory deals with statistical properties of an ensemble of 
identical (or, ‘similarly-prepared’) systems, and not with the motion of an individual system. 
The principle of superposition is, therefore, not in conflict with properties P1 and P2, though it 
is not consistent with P3. However, unlike P1, P3 is not really a defining property of particles, but 
is only a statement of the dynamical law governing particles (in classical mechanics). In place 
of P3, quantum theory provides a law which is applicable only to a statistical ensemble and 
which, of course, reduces to P3 as an approximation when conditions for the validity of classical 
mechanics are satisfied10.
 The other school, led by Niels Bohr and known as the Copenhagen Interpretation, advocates 
radical departure from classical concepts and not just their modification. According to this school, 
the laws of quantum mechanics, and in particular the principle of superposition, refer to the motion 
of individual systems. Such a viewpoint, of course, cannot be reconciled with the classical concept 
of particles as embodied in P1. The concept of ‘wave particle duality’ is, therefore, introduced 
according to which there are neither particles nor waves, but only (in classical terminology) 
particle-like behaviour and wave-like behaviour, one and the same physical entity being capable 
of both. A more detailed account of this interpretation is given in Chapter 12; the reader is  
also referred to the book by Jammer11 and the article by Stapp12.

The Tossing of Coins

It should be emphasized that the dispute between the two schools is not one that could be settled 
by experiments. For, experiments in the domain of microparticles invariably involve large number 
of identical systems, and when applied to large numbers, both the interpretations yield the same 
result. Besides, even if it were possible to make observations on a single isolated particle, the 
results could not be taken as a contradiction of the Copenhagen Interpretation13. The example 
of the tossing of coins might serve to illustrate this. The law governing the outcome of tossings 
of identical coins is contained in the following statement: “The probability for a coin to fall with 
head up is one half”. According to the Statistical Interpretation, this statement means that the 
ratio of the number of tosses resulting in head up to the total number would be one half if the 
latter is large enough, the ratio being nearer to the fraction half the larger the number of tosses. In 
any single toss, either the head will be up or it will be down, irrespective of whether somebody is 
there to observe this fact or not. However, the application of the law would be meaningless in this 
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case since it is incapable of predicting the outcome of a single toss. This incapability might stem 
from an ignorance of the factors (parameters) that govern, and the way they influence, the motion 
of the coin. One cannot, therefore, rule out the possibility of a future theory which is capable 
of predicting the outcome of a single toss, and from which the above-mentioned statistical law 
could be deduced (see Chapter 12, Section 5).
 The Copenhagen Interpretation, on the other hand, insists that the law is applicable to the 
case of a single toss, but that it is the statement that the coin falls with either head-up or head-
down that is meaningless. When no observer is present, one can only say that the coin falls 
with partially (in this case, half) head-up and partially head-down. If an observation is made, 
of course, it will be found that the coin is either fully head-up or fully head-down but the act 
of observation (that is, the interaction between the observer and the coin) is held responsible for 
changing the coin from a half head-up state to a fully head-up state (or a fully head-down state). 
Agreement with observation is, thus, achieved, but at a heavy price. For, the coin now is not the 
classical coin which was capable of falling only with head-up or with head-down but not both 
ways at the same time. Also, the role of the observer is changed from that of a spectator to an 
active participant who influences the outcome of an observation. Since the law is presumed to 
govern the outcome of an individual tossing, it follows that the search for a more fundamental 
theory is neither warranted nor likely to be fruitful.

A Thought Experiment

At this stage, one might wonder why one has to invent such a complicated scheme of explanation 
as the Copenhagen Interpretation when the Statistical Interpretation is able to account for the 
observed facts without doing any violation to the classical concept of the coin. Unfortunately, 
phenomena in the world of microparticles are somewhat more complicated than the tossing of 
coins. The complication involved is best illustrated through the following thought-experiment. 
Imagine a fixed screen W with two holes A and B (see Fig. 1.1). In front of this screen is an
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Fig. 1.1. The double slit interference experiment.

electron gun G which shoots out electrons, having the same energy, uniformly in all directions. 
Behind W is another screen X on which the arrival of the individual electrons can be observed. 
We first close B and observe the electrons arriving on X for a certain interval of time. We plot 
the number of electrons versus the point of arrival on X (the screen X will be assumed to be 
one-dimensional) and obtain, say, the curve IA shown in Fig. 1.2. Next we close A and open B 
and make observation for the same interval of time, obtaining the curve IB. We now repeat the 
experiment keeping both A and B open. We should expect to get the curve I which is the sum of 
IA and IB, but get the curve IAB instead.



INTRODUCTION 5

14. This follows from the relation [see Eqn. (1.32)],
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 This curve is found to fit the formula

  IAB(x) = ( ) ( )x xA B
2ψ ψ+ , ...(1.4)

with ( )xA
2y  = IA: ( )xB

2y  = IB, ...(1.5)

where yA(x) and yB(x) are complex functions of x.
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Fig. 1.2. The distribution of particles in the double slit interference experiment when only slit A is open (IA), 
when only slit B is open (IB) and when both A and B are open (IAB). I represents the sum of IA and IB.

 Apparently, our expectation that an electron going through A should not be knowing whether 
B is closed or open, is not fulfilled. Could it be that every electron speeds out like a wave motion 
after leaving the gun, goes through both the holes and again localises itself on arriving at X? Eqns. 
(1.4) and (1.5) support such a possibility since these are identical (except for the complex character 
of yA and yB) with the equations relating amplitudes and intensities of a wave motion. In order 
to test this, we set up a device near A to observe all the electrons passing through A, before they 
reach X. We will assume that the electrons arriving on X that are not registered by the device 
have come through B. We find that the electrons coming through A are, indeed, whole electrons. 
But, to our surprise, we find that the curves corresponding to the electrons coming through A and 
B respectively are exactly similar to IA and IB, implying that the distribution of electrons on X is 
now represented not by the curve IAB, but by the curve I. This shows that electrons are particles 
conforming to the definition P1, at least whenever we make an observation on them.
 Let us summarise below the main results of the experiment:
 E1. The number of electrons arriving at a point x on the screen X through A depends on 

whether B is closed or open. The total number of electrons arriving on X through A is, 
however, independent of B14. 

 E2. Observations affect the outcome of experiments.
 The results of the electron experiment are easily accommodated in the Copenhagen 
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15. The Principle of Complementarity, which seeks to harmonize the mutually exclusive notions of particles and waves, 
was proposed by Neils Bohr (1928). A detailed account of the principle is given in the reference quoted in footnote 
11 as well as Chapter 12.

16. This limitation on the part of experiments is enshrined in the Uncertainty Principle proposed by Werner Heisenberg 
(1927), which puts a limit on the precision with which complementary variables such as position and momentum of 
a particle can be measured.

Interpretation. The basic law governing the electrons in this case is contained in the statement that 
the probability for an electron that has arrived on X to have come through one of the holes, say 
A, is P and through the other hole is (1 – P); where 0 ≤ P ≤ 1. Since this law governs the motion 
of each and every electron, when both the holes are open and when no observations are made 
to see through which hole the electrons are passing, it should be presumed that every electron 
passes, in a wave-like fashion, through both the holes. Alternatively, one could take the view 
that, as far as the distribution IAB is concerned, the question as to whether a particular electron 
has come through one or both holes, is not a meaningful one for physics as no experiment 
can answer the question without affecting the distribution IAB. For any experiment designed to 
answer the question reveals the electron to be a particle capable of passing through only one hole, 
but then the distribution is also changed from the one corresponding to classical waves (IAB) to 
one corresponding to classical particles (I), justifying the hypothesis that the act of observation 
transforms the electron from a wave-like object extended in space to a particle-like object localised 
in space. The dichotomy on the part of the electron is easily understood if we realize that particles 
and waves are merely complementary aspects of one and the same physical entity15, any one 
experiment being capable of revealing only one of the aspects and not both16.

 Thus, the Copenhagen Interpretation does not appear so far-fetched when viewed in the 
context of the peculiar phenomena obtaining in the world of microparticles. However, it denies 
objective reality to physical phenomena, and prohibits physics from being concerned with 
happenings in between observations. The question, how is it that the act of observation at one 
location causes an electron, that is supposed to be spread over an extended space, to shrink to 
this location?, is dubbed as unphysical. The interpretation, thus, leaves one with an impression 
that quantum theory is mysterious as no other physical theory is. Those who find it difficult to 
be at home with this positivist philosophy underlying the Copenhagen Interpretation, will find 
the Statistical Interpretation more attractive. Let us see how this interpretation copes with the 
results of the electron experiment.

 According to the Statistical Interpretation, the probability law stated earlier as governing 
the motion of electrons, is a statistical one and is applicable only when a large enough number 
of ‘similarly-prepared’ electrons are involved. The distribution of electrons coming through, say 
hole A, on the screen X being the result of a statistical law, need not be the same when the screen 
W has only hole A on it as when both A and B are there, just as the distribution of head-up states 
in the tossings of coins with only one side is different from the distribution of head-up states 
in the tossings of coins with two sides. Let us elaborate this point: The distribution of electrons 
coming through hole A on X, is a result of the momentum transfer taking place between the 
electrons and the screen W at A. The expectation that this momentum transfer and hence the 
distribution are unaffected by the addition of another hole B on W is based on the presumption 
that a screen with two holes is merely a superposition of two independent screens with one 
hole each. The experimental result shows that the presumption is not justified. The fact that the 
momentum transfer at the hole A when both A and B are open is different from the momentum 
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17. The period would be the distance d between the holes. According to Duane’s hypothesis the momentum transfer 
between the screen W and the electron, when both A and B are open, has to be an integral multiple of (h/d), h being 
the Planck’s constant. This relationship is identical with the de Bröglie relation, p = h/l (see footnote 7) if we recognise 
the wavelength l as a periodicity in space. Duane’s hypothesis is an extension, to the case of the linear momentum, 
of the earlier hypotheses of Max Planck (footnote 8) and of Neils Bohr (1913) on the relationship between the 
quantization of energy and periodicity t in time [energy = integral multiple of (h/t)] and quantization of angular 
momentum and periodicity 2p in angles [angular momentum = integral multiple of (h/2p)], respectively.

18. This is nothing but the Uncertainty Principle.
19. Erwin Schrödinger (1926) was the first to introduce these functions and to derive an equation of motion (the 

Schrödinger equation) for them. The physical interpretation of these functions as probability amplitudes which are 
related to the probability of finding the particles at a space point in the same way as wave amplitudes are related 
to wave intensities, is due to Max Born (1926).

transfer when only A is open, could also be understood on the basis of the quantization of the 
momentum transfer resulting from the periodicity in space of the holes in the former case (W. 
Duane 1923)17.

 Thus, experimental result E1 is easily understood on the basis of the Statistical Interpretation. 
As for E2, one should distinguish between the two ways in which observations affect the 
outcome of experiments. One is that observations on electrons coming through hole A affect 
their distribution on the screen X. This could be understood as due to the fact that the momentum 
transfer involved in the act of observation is not negligible compared with the momentum of the 
electrons themselves. The other is that observations on electrons coming through hole A affect 
(apparently) also the distribution of electrons coming through hole B. In order to accommodate 
this fact within the framework of the Statistical Interpretation, one has to assume that the 
statistical correlation that exists between two paths (of the electrons), one passing through A 
and the other through B, is such that it can be destroyed by disturbing only one of the paths. In 
fact, a correlation represented by the linear superposition of two functions yA and yB as in Eqn. 
(1.3), whose phases are proportional to the classical actions associated with the paths, satisfies 
such a condition10. For, as is known from the classical theory of waves, the correlation can be 
destroyed by introducing a random fluctuation in the phase of one of the functions. So in order to 
understand the experimental result, one has to assume that observations on the electrons always 
introduce such a random variation in the action associated with the path of the electrons18.

The ‘Mystery’ in Quantum Mechanics

Thus, in the course of understanding E2, we are led to introducing a (complex) function which, 
in certain aspects such as the applicability of the principle of superposition, resembles a wave 
amplitude19. This is the really new element in quantum mechanics; it represents an aspect 
of microworld phenomena quite foreign to classical statistical processes such as the tossings 
of coins. But whereas the Copenhagen school regards these functions as incompatible with 
the classical concept of particles, and invests them with a certain amount of physical reality, 
thereby endowing quantum mechanics with an aura of mystery, the Statistical Interpretation 
makes a distinction between these functions and the physical entities involved. The physical 
entities are the electrons or other microparticles (conforming to definition P1), but the functions 
are mathematical entities characterising the paths of the microparticles just as the action in 
classical mechanics is a mathematical function characterising the classical paths of particles. The 
functions, thus, determine the dynamical law governing the motion of microparticles. This law 
is, admittedly, new and different from the dynamical law in classical mechanics. But, then, it is 
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20. In the form originally proposed by Feynman, R.P. [Revs. Mod. Phys. 20, 367 (1948); also, Feynman, R.P. and Hibbs, 
A.R., Quantum Mechanics and Path Integrals (McGraw-Hill, New York 1965)] and later modified by V.K. Thankappan 
and P. Gopalakrishna Nambi10. The basic laws of non-relativistic quantum mechanics were discovered during the 
period 1900-1924 through the efforts of many physicists, and a consistent theory incorporating these laws was 
formulated during the period 1925-1926 mainly by Erwin Schrödinger (1926) in the form of Wave Mechanics and by 
Werner Heisenberg, Max Born and Pascal Jordan (1925-1926) in the form of Matrix Mechanics.

not the first time in physics that a set of rules (theory) found to be adequate for a time, proved 
to be inadequate in the light of new and more accurate experimental facts. Also, the fact that 
quantum mechanics does not provide an explanation to the dynamical law or laws (such as the 
principle of superposition) underlying it, does not justify alleging any special mystery on its 
part, since such mysteries are parts of every physical theory. For example, classical mechanics 
does not explain why the path of a particle is governed by Hamilton’s principle, electromagnetic 
theory does not offer an explanation for Coulomb’s or Faraday’s laws and the theory of relativity 
does not say why the velocity of light in vacuum is the same in all inertial frames. Thus, from 
the viewpoint of the Statistical Interpretation, quantum mechanics is no more mysterious than 
other physical theories are. It certainly represents an improvement over classical mechanics since 
it is able to explain Hamilton’s principle, but an explanation of the fundamental laws underlying 
quantum mechanics themselves need be expected only in a theory which is more fundamental 
than quantum mechanics.
 It should be clear from the foregoing discussion that the choice between the Copenhagen  and 
the Statistical Interpretations could be one of individual taste only. Anyway, the mathematical 
formalism of quantum mechanics is independent of these interpretations.

1.2 THE MATHEMATICAL ASPECT

One or the other branch of mathematics plays a dominant role in the formulation of every 
physical theory. Thus, classical mechanics and electromagnetic theory rely heavily on differential 
and vector calculus, while tensors play a dominant role in the formulation of the general theory 
of relativity. In the case of quantum mechanics, it is the mathematics of the infinite-dimensional 
linear vector spaces (the Hilbert space) that plays this role. In this section, we will show how 
the basic laws of quantum mechanics20 make this branch of mathematics the most appropriate 
language for the formulation of quantum mechanics.
 Now, in classical mechanics the motion of a particle is governed by the Principle of Least 
Action (Hamilton’s Principle). According to this principle, the path of a particle between two 
locations A and Q in space is such that the action S (Q, tQ:A, tA) defined by,

   S(Q, tQ : A, tA) = Ldt
t

t

A

Qy  = pdq Hdt
A

Q

t

t

A

Q
−y y , ...(1.6)

is a minimum, where L is the Lagrangian, p the momentum and H the Hamiltonian of the particle, 
and tA and tQ are, respectively, the time of departure from A and the time of arrival at Q. Thus, 
the path between A and Q is determined by the variational equation,
   dS = 0. ...(1.7)
 We will call the path defined by Eqn. (1.7) the classical path and will denote it by ac and the 
action corresponding to it by Sc(Q, tQ : A, tA).
 As we have already mentioned, experiments in the domain of microparticles have shown that 
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21. We assume that the spin of the particle is zero.
22. The one-letter notation for (h/2p) was first introduced by P.A.M. Dirac (1926), in the form “h”. For this reason,  is 

also called Dirac’s constant.
23. This phrase stands for ‘elements, or members, of an ensemble’.

the paths of these particles are not governed by the principle of least action. However, the results 
of these experiments are consistent with, indeed suggestive of, the following postulates which 
could be regarded as the quantum mechanical laws of motion applicable to microparticles:
 Q1. Associated with every path a of a particle21 from location A to location Q in space, is a 

complex function fa(Q, tQ : A, ta) given by,
   fa = aa exp [(i/)Sa], ...(1.8)
  where

   Sa(Q, tQ : A, ta) = L dt
t

tQ

a

y  = p dq H dt
A

Q

t

tQ
−

α

y y . ...(1.9)

  ta here has the same meaning as tA in Eqn. (1.6) except that it could be different for the 
different paths a. Also22,  = h/2p.

 Q2. The probability amplitude for a particle to go from A (at some time) to Q at time tQ is  
yA (Q, tQ), where,

   yA (Q, tQ) = Safa(Q, tQ : A, ta). ...(1.10)
 Q2a. Only those paths contribute to the summation in Eqn. (1.10) that differ from ac by less 

than /2 in action. That is
   DSa ≡ (Sa – Sc) < (/2). ...(1.10a)
 Q3. If A, B, C, ... are locations corresponding to similarly prepared states23 of a particle in 

an experimental set up, the number of particles arriving at a point of observation, Q, at 
time tQ from the above locations, is proportional to |Y(Q, tQ)|2, where,

   Y(Q, tQ) = SAcAyA(Q, tQ), ...(1.11)
  the cA’s being numbers (in general, complex) to be chosen such that
	 	 	 ∫	|Y|2 d3rQ = 1, ...(1.11a)
  where d3rQ represents an element of volume containing the point Q.
 If a is a path between A and Q, and b a path between B and Q, then, as a consequence of 
condition (1.10a), we will have,
    |(Sa – Sb)| – DSAB < (/2), ...(1.12a)
where   DSAB = S S

CC
−α β ,

ac and bc being the classical paths between A and Q and between B and Q, respectively. Also, 
corresponding to every path ‘a’ between A and Q (that contributes to yA), there will be a path 
‘b’ between B and Q such that
   |Sa – Sb| = DSAB. ...(1.12b)
 Eqn. (1.12b) enables us to say that the phase difference between yA and yB is the quantity 
(DSAB/) whereas inequality (1.10a), from which inequality (1.12a) follows, ensures that the phase 
difference is such a definite quantity. Now, a definite phase difference between yA and yB is the 
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24. In classical wave theory also, complex amplitudes are employed sometimes, purely for the sake of calculational 
convenience. Care is, then, taken in the computation of physically significant quantities such as the intensity of the 
wave motion, to separate out the contribution due to the imaginary part of the amplitudes. In quantum mechanics 
the yA’s are perforce complex. [see Eq. (4.15b)]

condition for A and B to be coherent sources (or, similarly-prepared states) from the viewpoint of 
Q. We will, therefore, refer to inequality (1.10a) as the coherency condition.
 Postulate Q3 incorporates the principle of superposition referred to in Section 1.1 [Eqn. (1.3)]. 
However, unlike ci and yi in (1.3), cA and yA in Eqn. (1.11) are complex quantities. Therefore, 
it is not possible to interpret yA and Y in (1.11) as representing wave motions in the physical 
space24. Also, the principle of superposition will conflict with property P1 of particles (see, p. 
2), if applied to the case of a single particle. But there is no experimental basis for invalidating 
P1; on the contrary, experiments confirm the continued validity of P1 by verifying, for example, 
that all electrons have the same spin, (rest) mass and electric charge both before and after being 
scattered by, say, a crystal. Therefore, the principle of superposition should be interpreted as 
applying to the statistical behaviour of a large number (ensemble) of identical systems. In fact, 
the terms ‘probability amplitude’ and ‘number of particles’ emphasize this statistical character 
of the postulates. However, the really new element in the theory is not its statistical character, 
but the law for combining probabilities. Whereas in the classical statistics, probabilities for 
independent events are added to obtain the probability for the combined event [If PA(Q) and 
PB(Q) are, respectively, the probabilities for the arrival of a particle at Q from A and from B, then, 
the probability PAB(Q) for the arrival of a particle at Q from either A or B is given by PAB(Q) = 
PA(Q) + PB(Q)] in the new theory, this is not always so. In particular, whenever criterion (1.12a) is 
satisfied, it is the probability amplitudes that are to be added in place of the probabilities [If yA(Q) 
and yB(Q) are the probability amplitudes for the arrival of a particle at Q from A and from B, 
respectively, then the probability amplitude for the arrival of a particle at Q from either A or B 
is given by yAB(Q) = yA + yB, so that PAB(Q) = |yAB(Q)|2 = PA(Q) + PB(Q) + 2 Re(y*AyB)	≠	PA + PB]. 
It appears that events which are supposed to be independent, are not really so.
 If it appears odd that the dynamics of particles should be governed by such abstractly-
defined entities as the probability amplitudes, one has only to observe that these functions are 
not any more odd than the classical action in terms of which they are defined and which plays 
an important role in the dynamics of classical particles. It also turns out that the differential 
equations satisfied by these probability amplitudes are closely related to the Hamilton-Jacobi 
equations satisfied by the action in classical mechanics, as is being demonstrated below:

The Schrödinger Equation

In view of (1.10a), the contribution to yA in (1.10) from paths lying in a single plane may be 
written as,

   yA’ (rQ, tQ) = 2 ( ) ( )a S S
/

s

s 2

c

c
ρ

&+

= y  exp {(i/)S}dS

     –a(Sc + /2) exp {(i/) c( /2)}S &+ G – a(Sc) exp {(i/)Sc},         ...(1.13a)

where the last term compensates for counting the path ac twice in the integral. Also, r(S) 
dS represents the number of paths in the plane having action between, S and S + dS, while  
a(Sa) = aa. We make the assumption that both a(S) and r(S) are independent of S. This means that:   




