
All mathematical reasoning is founded on certain simple principles, the truth of which 
is so evident that they are accepted without proof. These self-evident truths are called 
Axioms.
For instance: Things which are equal to the same thing are equal to one another.

The following axioms, corresponding to the first four Rules of Arithmetic, are among 
those most commonly used in geometrical reasoning.
Addition: If equals are added to equals, the sums are equal.
Subtraction: If equals are taken from equals, the remainders are equal.
Multiplication: Things which are the same multiples of equals are equal to one 
another.
For instance: Doubles of equals are equal to one another.
Division: Things which are the same parts of equals are equal to one another.
For instance: Halves of equals are equal to one another.

The above Axioms are given as instances, and not as a complete list, of those which 
will be used. They are said to be general, because they apply equally to magnitudes of 
all kinds. Certain special axioms relating to geometrical magnitudes only will be stated 
from time to time as they are required.

Definitions anD first PrinciPles

Every beginner knows in a general way what is meant by a point, a line, and a surface. 
But in geometry these terms are used in a strict sense which needs some explanation.
n   1. A point has position, but is said to have no magnitude.
This means that we are to attach to a point no idea of size either as to length or breadth, 
but to think only where it is situated. A dot made with a sharp pencil may be taken as 
roughly representing a point; but small as such a dot may be, it still has some length and 
breadth, and is therefore not actually a geometrical point. The smaller the dot however, 
the more nearly it represents a point.
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n   2. A line has length, but is said to have no breadth.
A line is traced out by a moving point. If the point of a pencil is moved over a sheet of 
paper, the trace left represents a line. But such a trace, however finely drawn, has some 
degree of breadth, and is therefore not itself a true geometrical line. The finer the trace 
left by the moving pencil-point, the more nearly will it represent a line.
n   3. Proceeding in a similar manner from the idea of a line to the idea of a surface, 
we say that

A surface has length and breadth, but no thickness. And finally,
A solid has length, breadth and thickness.
Solids, surfaces, lines and points are thus related to one another:

 (i) A solid is bounded by surfaces.
 (ii) A surface is bounded by lines; and surfaces meet in lines.
 (iii) A line is bounded (or terminated) by points; and lines meet in points.
n   4. A line may be straight or curved.

A straight line has the same direction from point to point through out its whole 
length.
A curved line changes its direction continually from point to point.
Axiom: There can be only one straight line joining two given points: that is,
Two straight lines cannot enclose a space.

n   5. A plane is a flat surface, the test of flatness being that 
if any two points are taken in the surface, the straight line 
between them lies wholly in that surface.
n   6. When two straight lines meet at a point, they are said 
to form an angle.

The straight lines are called the arms of the angle; the point 
at which they meet is its vertex.

The magnitude of the angle may be thus explained:
Suppose that the arm OA is fixed, and that OB turns about the point O (as shown by 

the arrow). Suppose also that OB began its turning from the position OA. Then the size 
of the angle AOB is measured by the amount of turning required to bring the revolving 
arm from its first position OA into its subsequent position OB.

Observe that the size of an angle does not in any way 
depend on the length of its arms.

Angles which lie on either side of a common arm are 
said to be adjacent.

For example, the angles AOB, BOC, which have the 
common arm OB, are adjacent.

When two straight lines such as AB, CD cross one another at O, 
the angles COA, BOD are said to be vertically opposite. The angles 
AOD, COB are also vertically opposite to one another.
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n   7. When one straight line stands on another so as to make the 
adjacent angles equal to one another, each of the angles is called a 
right angle; and each line is said to be perpendicular to the other.

Axioms: (i) If O is a point in a straight line AB, then a line 
OC, which turns about O from the position OA to the position 
OB must pass through one position, and only one, in which it is perpendicular to 
AB.

(ii) All right angles are equal.
A right angle is divided into 90 equal parts called degrees (°); each degree into 60 

equal parts called minutes (¢); each minute into 60 equal parts called seconds (¢¢).
In the above figure, if OC revolves about O from the position OA into the position 

OB, it turns through two right angles, or 180°.
If OC makes a complete revolution about O, starting from OA and returning to its 

original position, it turns through four right angles, or 360°.
n   8. An angle which is less than one right angle is said to be 
acute.

That is, an acute angle is less than 90°.
n   9. An angle which is greater than one right angle, but 
less than two right angles, is said to be obtuse.

That is, an obtuse angle lies between 90° and 180°.
n   10. If one arm OB of an angle turns until it makes a 
straight line with the other arm OA, the angle so formed 
is called a straight angle.

 A straight angle = 2 right angles = 180°.
n   11. An angle which is greater than two right angles, but 
less than four right angles, is said to be reflex.

That is, a reflex angle lies between 180° and 360°.

note: When two straight lines meet, two angles are formed, one greater, and one less than 
two right angles. The first arises by supposing OB to have revolved from the position 
OA the longer way round, marked (i); the other by supposing OB to have revolved the 
shorter way round, marked (ii). Unless the contrary is stated, the angle between two 
straight lines will be considered to be that which is less than two right angles.

n   12. Any portion of a plane surface bounded by one or more lines is called a plane 
figure.
n   13. A circle is a plane figure contained by a line traced out 
by a point which moves so that its distance from a certain fixed 
point is always the same.

Here the point P moves so that its distance from the fixed point 
O is always the same.
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The fixed point is called the centre, and the bounding line is called the circumference.
n   14. A radius of a circle is a straight line drawn from the centre to the circumference. 
It follows that all radii of a circle are equal.
n   15. A diameter of a circle is a straight line drawn through the centre, and terminated 
both ways by the circumference.
n   16. An arc of a circle is any part of the circumference.
n   17. A semi-circle is the figure bounded by a diameter of a 
circle and the part of the circum ference cut off by the diameter.
n   18. To bisect means to divide into two equal parts.

Axioms: (i) If a point O moves from A to B along the 
straight line AB, it must pass through one position in which 
it divides AB into two equal parts.

That is to say:
Every finite straight line has a point of bisection.
(ii) If a line OP, revolving about O, turns from OA to OB, it must 

pass through one position in which it divides the angle AOB into 
two equal parts.

This is to say:
Every angle may be supposed to have a line of bisection.

HyPotHetical constructions

From the Axioms attached to Definitions 7 and 18, it follows that we may suppose:
 (i) A straight line to drawn perpendicular to a given straight line from any point in it.
 (ii) A finite straight line to be bisected at a point.
 (iii) An angle to be bisected by a line.

suPerPosition anD equality

Axiom: Magnitudes which can be made to coincide with one another are equal.
This axiom implies that any line, angle, or figure, may be taken up from its position, 

and without change in size or form, laid down upon a second line, angle, or figure, for 
the purpose of comparison, and it states that two such magnitudes are equal when one 
can be exactly placed over the other without overlapping.

This process is called superposition, and the first magnitude is said to be applied to 
the other.

Postulates

In order to draw geometrical figures certain instruments are required. These are, for 
the purposes of this book, (i) a straight ruler, (ii) a pair of compasses. The following 
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Postulates (or requests) claim the use of these instruments, and assume that with their 
help the processes mentioned below may be duly performed.

Let it be granted:
n   1. That a straight line may be drawn from any one point to any other point.
n   2. That a finite (or terminated) straight line may be produced (that is, prolonged) 
to any length in that straight line.
n   3. That a circle may be drawn with any point as centre and with a radius of any 
length.

notes: 1. Postulate 3, as stated above, implies that we may adjust 
the compasses to the length of any straight line PQ, and 
with a radius of this length draw a circle with any point O as 
centre. That is to say, the compasses may be used to transfer 
distances from one part of a diagram to another.

 2. Hence from AB, the greater of two straight lines, we may 
cut off a part equal to PQ the less.

 For if with centre A, and radius equal to PQ, we draw an arc of 
a circle cutting AB at X, it is obvious that AX is equal to PQ.

introDuctory

 1. Plane geometry deals with the properties of such lines and figures as may be 
drawn on a plane surface.

 2. The subject is divided into a number of separate discussions, called proposi- 
tions.

  Propositions are of two kinds, Theorems and Problems.
  A Theorem proposes to prove the truth of some geometrical statement.
  A Problem process to perform some geometrical construction, such as to draw 

some particular line, or to construct some required figure.
 3. A proposition consists of the following parts:

The General Enunciation, the Particular Enunciation, the Construc tion, and the 
Proof.
 (i) The General Enunciation is a preliminary statement, describing in general terms 

the purpose of the proposition.
 (ii) The Particular Enunciation repeats in special terms the state ment already made, 

and refers it to a diagram, which enables the reader to follow the reasoning more 
easily.

 (iii) The Construction then directs the drawing of such straight lines and circles as 
may be required to effect the purpose of a problem, or to prove the truth of a 
theorem.
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 (iv) The Proof shows that the object proposed in a problem has been accomplished, 
or that the property stated in a theorem is true.

n    4. The letters Q.E.D. are appended to a theorem, and stand for Quod erat 
Demonstrandum, which was to be proved.
n   5. A Corollary is a statement the truth of which follows readily from an established 
proposition; it is therefore appended to the pro position as an inference or deduction, 
which usually requires no further proof.
n   6. The following symbols and abbreviations are used in the text of this book.
In Part I.

\ for therefore, – for angle,
= for is, or are, equal to, D for triangle.
After Part I.
pt. for point, perp. for perpendicular,
st. line for straight line, parm for parallelogram,
rt. – for right angle, rectil. for rectilineal,
Par1 (or ||) for parallel,  for circle,
sq. for square, dce for circumference;

and all obvious contractions of commonly occurring words, such as opp., adj., diag., 
etc., for opposite, adjacent, diagonal, etc.

[For convenience of oral work, and to prevent the rather common abuse of contractions 
by beginners, the above code of signs has been introduced gradually, and at first 
somewhat sparingly.]

In numerical examples the following abbreviations will be used:
m. for metre, cm. for centimetre,
mm. for millimetre, dm. for decimetre,
l. for litre. km. for kilometre.
  kg. for kilogram.


